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Abstract

At various branches of the US Government, decisions must be made on the allocation of scarce resources. This allocation needs to be made at the Presidential and Congressional level, where the allocation of spending must be distributed over very broad programs, and also at the Cabinet Office level where the allocation needs to be made to specific Offices and Programs. Examples of the later include the allocation of R&D spending over new military platforms; the allocation of ship, air, and manpower resources over diverse Agencies such as the U. S. Coast Guard and its multi-mission tasks; or the allocation of government civilian and contractor employees over different job functions to run a U. S. Navy ordnance supply depot.

The underlying assumption of the approach in our first example is that the benefit derived from separate governmental programs cannot always be easily measured using cardinal numbers. However, these benefits can be given an ordinal rank with pair-wise comparisons by experts. Given a budget, we need to reveal the preferences of experts who must choose among the affordable combinations of governmental programs.  We demonstrate this approach with the real world example of deciding the allocation of a research budget to build the Navy’s Littoral Combat Ship (LCS).
The second example is choosing the allocation of fixed budget to run the Navy’s Ordnance Supply Program. This paper presents and applies a methodology and model to compute the cost and resulting capability of organizations within the Navy. Our model computes the cost of each individual product output by adding up the cost of all the individual factor inputs to produce each product. While the model assumes a simple Leontief production function, we discuss a further generalization using the Cobb-Douglas production function. 
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Introduction

At various branches of the US Government, decisions must be made on the allocation of scarce resources. This allocation needs to be made at the Presidential and Congressional level, where the allocation of spending must be distributed over very broad programs, and also at the Cabinet Office level where the allocation needs to be made to specific Offices and Programs. Examples of the later include the allocation of R&D spending over new military platforms; the allocation of ship, air, and manpower resources over diverse Agencies such as the U. S. Coast Guard and its multi-mission tasks; or the allocation of government civilian and contractor employees over different job functions to run a U. S. Navy ordnance supply depot.

The underlying assumption of the approach in our first example is that the benefit derived from separate governmental programs cannot always be easily measured using cardinal numbers
. Even more difficult is measuring and comparing the benefits derived from different market baskets (combinations) of governmental programs. However, these benefits can be given an ordinal rank with pair-wise comparisons by experts. Given a budget, we need to reveal the preferences of experts who must choose among the affordable combinations of governmental programs.  Moreover, we need only focus on those combinations that are both affordable and on the budget frontier. We demonstrate this approach with the real world example of deciding the allocation of a research budget to build the Navy’s Littoral Combat Ship (LCS).

The second example is choosing the optimal allocation inputs and outputs for a fixed budget to run the Navy’s Ordnance Supply Program. This paper presents and applies a methodology and model to compute the cost and resulting capability of organizations within the Navy. A measure of Navy capability (readiness) for a given budget is computed, allowing the Navy to see how much readiness decreases if budget cuts occur. In our example, we apply this model to Navy Operations Logistics Support Center (NOLSC), the Navy organization responsible for processing and tracking ordnance requisitions. Our model computes the cost of each individual product output by adding up the cost of all the individual factor inputs to produce each product. Model inputs are the price (wage) of each factor input, the productivity of each factor input, and weights of importance of each product output toward overall readiness. While the model assumes a simple Leontief production function, we discuss a further generalization using the Cobb-Douglas production function. In the Cobb-Douglas specification, the model will allow the Navy to compute the minimum cost of obtaining a given level of readiness, and subsequent optimal allocation of resources, if relative input prices change. Allowing for trade-offs between factor inputs is not in our current example model. 
I. Statement of Budget Problem One: R&D Technology Choice

The Chief of Naval Research (ONR) must make recommendations about what research and development (R&D) technology investments to fund for the Littoral Combat Ship (LCS) “Fast Ship” program. More generally, the ONR must make R&D investment decisions for the Navy as a whole. Relying on the 12 Future Naval Capabilities (FNC) as a link between naval operations and technology, the ONR must choose among a diverse assortment of R&D science and technology investments to determine which will best achieve the defense goals of the U. S. Navy and the United States as a whole.

Our purpose here is to develop alternative methods for making these decisions. This section of the paper has four sub-sections. The first briefly reviews three methods for making technology investment choices. In the second sub-section, we describe a revealed preference procedure for making these investment choices, and in the sub-section that follows, we demonstrate the revealed preference approach using a prototype Excel spreadsheet. In the last sub-section, we summarize our conclusions and discuss what needs to be done in the future. Appendix A contains a User’s Guide for a sample Excel Spreadsheet Workbook that will assist decision-makers when using the revealed preference approach described in this paper.

I.1 Review of current methods for making R&D technology investment choices

Here we briefly outline three approaches that either have been or could be used in making R&D technology investment choices: the Benefit-Cost Equity Model, RAND’s decision framework, and an options-valuation approach. 

The Benefit-Cost Equity Model

In January 2002, a workshop for the purpose of ranking 94 HM&E science and technology investments for the Fast Ship Program was conducted by the Navy. Workshop participants used the Benefit-Cost Equity software developed at the London School of Economics to rank the investments. The Equity Model is a decision analysis tool that helps organizations to allocate scarce resources over a number of competing areas in a way that maximizes the benefit of the entire organization. Expert facilitators must be present to make the final rankings and to ensure that the software is used properly. This procedure used by the Navy to rank 94 technologies has useful elements that can be applied to the more general problem of ranking technology investments for the Navy as a whole.
 The model has three major advantages:

· It generates an overall rank based on a standard cost-benefit approach.

· This rank can be used to select technologies for any given budget.

· This rank can be applied when we have a series of budgets for a number of years.

The model also has a number of weak points:

· The method gives a universal rank for all possible budgets based on cardinal measurements. A more general approach, based on revealed preference theory and pair-wise comparisons, would give budget-specific ranks based on ordinal measurements.

· The implication of the benefits assigned to each task is that it is an estimate of “mean benefits.” An alternative approach is to assume that the benefits follow a statistical distribution with a mean and variance. 

· The Benefit-Cost Study took the Technical Readiness Levels (TRLs) as given and eliminated from consideration all tasks that did not have a TRL that implied that the technology would be “on-line” in FY 2005. One could instead estimate the probability that each task will be “on-line” within a specified time frame, and then take this probability into account when ranking the tasks, perhaps using a weighting scheme rather than an all or nothing approach. 

· The benefit in each benefit criteria, the development costs, and benefit criteria weights are subjective and may be challenged.

· The model implicitly assumes that the three kinds of benefit are perfect substitutes.
· The method used to make across-technology-area adjustments to total benefits is questionable.
RAND’s decision framework

RAND’s decision framework takes uncertainties into account by scaling the estimated benefit using (1) a measure of the potential of the technology under consideration to achieve the characteristics needed to realize the benefit and (2) a measure of the probability of success of the R&D task to achieve the characteristics, produce the technology, and field it on the appropriate platform. The benefit scaled by these factors becomes an estimate of the expected value of the technology task area, which could then be used in an approach such as the one used by the Equity Model to derive an optimized ranking. The potential and probability of success measures provide additional metrics that can be used in portfolio analysis, so that rather than generating a ranking based on estimated costs and benefits alone, uncertainty is taken into account as well. 

The options-valuation approach

An option gives the holder the right, without an obligation, to take some kind of action in the future. Thus, options offer a way to defer a decision into the future. If it is later decided that the action is not warranted, the option does not have to be exercised. For example, an option may give an individual the right to buy or sell a stock or a bond or a commodity such as oil or wheat at a fixed price sometime in the future. Black and Scholes (1973) first showed how to properly value options. They concluded that the value of an option increases with the volatility of the underlying asset.

Research and development can also be viewed as an option. If the R&D is not successful, it does not have to be implemented. In addition, R&D may generate other ideas if the initial research project is successful. For this reason, many
 have argued that R&D projects are best valued using an options approach. As noted in Shapiro and Balbirer (2000, p.296), traditional discount cash flow techniques tend to undervalue projects if the decision-makers can significantly alter their decisions in response to new information. Because R&D does not have to be implemented if it is not successful, R&D projects should be valued using an options-valuation approach. With such an approach, those R&D projects with the most uncertainty in terms of anticipated benefits and time to completion will be valued more highly than alternative projects having the same expected benefits and completion time but less volatility. This is the point made by Morris, Teisberg, and Kolbe (1991).

In addition, unlike an option there is usually no fixed expiration date set for R&D.  So the decision process also needs to consider an optimal stopping time if the R&D does not appear on track to succeed. See Ye (1984) in for a discussion of optimal stopping rules for R&D investments.
We will continue to search for other approaches that may be applicable to choosing R&D technology investments.  
I.2 A revealed preference and market basket approach

The Benefit-Cost Equity Model that was used to rank technologies for the Fast Ship Program has the following drawbacks: 

· It relies too heavily on cardinal rather than ordinal measurements.

· The size of the budget is not explicitly incorporated into the decision process.

· The model evaluates each task separately rather than comparing different “market baskets” of tasks. Hence, the combination of highest individually ranked tasks may not be optimal for a given budget.

· The adjustments made to the final ranking in order to account for “considerations not reflected in the model” are not very rigorous.  

· The model uses a questionable method for making comparisons across technology areas.

· The model does not consider uncertainty in the rankings.

Based on our assessment, we suggest four ways of improving the Equity Model:  

· Use the theory of revealed preference and pair-wise ordinal comparisons to evaluate benefits

·  Compare the benefits of different baskets of tasks rather than individual tasks

·  Base the final decision on the basket of tasks that is optimal for a given budget

·  Assign a probability distribution to the benefits as well as a probability of being “on-line” within a certain time frame to each task and use a method that directly accounts for this uncertainty when making the final choice of the optimal basket.

In the next section, we will describe our initial efforts to implement the first three improvements as well as the Excel spreadsheet “calculator” we developed to demonstrate our procedure. 

One approach to implementing the fourth improvement is to add additional attributes to each task, such as the variance of the potential benefits and the probability of being on line within a certain period of time. Experts can then take these attributes into account when they evaluate different baskets of tasks. The RAND decision framework is another approach that takes account of uncertainties. Finally, an options-valuation approach can be used to take into account these uncertainties. We will defer a detailed examination of an options-valuation approach to future research. 

We begin our discussion of the market basket approach for selecting technology investments with a simple example to demonstrate that a universal rank for all possible budgets is unreasonable. To keep this example simple, we consider only the top 10 ranked technology investments “tasks” from the Benefit-Cost Equity study.

Let the ten “tasks” that are considered for funding be denoted by X. Let the subscript i be the ith task, i = 1, 2, …, 10.  We have the cost of each of these ten tasks, denoted Pi, for the cost of the ith task.

The maintained hypothesis is that the exact benefit the Navy will receive by funding a task or basket of tasks is unknown and is potentially measurable using ordinal numbers only. Given a budget, denoted B, one needs to reveal the preferences of those who must choose among the affordable combinations of the ten tasks.

We assume that only one of each task will be purchased. This is a reasonable assumption given the nature of the problem. Then for any given market basket of tasks, denoted J (k), it must be true that

(1)
(J=1j = J (k) Pj (k) < B,

where subscript j(k) is the jth task of the total J(k) tasks in the kth market basket.  

Suppose there are K different affordable baskets for a given budget B. Our task is to find the optimal basket, k* from all market baskets (choice sets) of k = 1, 2, …, K.
Table 1 lists the top 10 tasks the Navy study listed in the order they were ranked. 

Table 1: The top 10 tasks in the Benefit-Cost Study 

(in rank order)

	Benefit-Cost order
	
	Cost (K$)

	1
	LO top exhausts
	1,000

	2
	LO PEC deckhouse
	1,250

	3
	LO multifunction apert
	12,000

	4
	Dckhse IR thermal
	3,000

	5
	Shock Isolatn/raft
	3,000

	6
	LO HM&E
	2,000

	7
	Air purif system C/B
	2,000

	8
	Adv HMIs
	2,700

	9
	Magzne RSVP snsr
	3,000

	10
	CBR sensr/alrm
	4,300


Table 2 re-orders these ten tasks from least expensive to most expensive.

Table 2: The top 10 tasks 

(in descending order of cost)

	ID
	
	
	Cost (K$)

	1
	X1
	LO top exhausts
	1,000

	2
	X2
	LO PEC deckhouse
	1,250

	3
	X3
	LO HM&E
	2,000

	4
	X4
	Air purif system C/B
	2,000

	5
	X5
	Adv HMIs
	2,700

	6
	X6
	Dckhse IR thermal
	3,000

	7
	X7
	Shock Isolatn/raft
	3,000

	8
	X8
	Magzne RSVP snsr
	3,000

	9
	X9
	CBR sensr/alrm
	4,300

	10
	X10
	LO multifunction apert
	12,000


The ranking listed in table 1 has at least two flaws. First, if the budget is $1,250K, only the first two ranked items are affordable. According to the Navy study, the choice would be “LO top exhausts.”  However, if we allow experts to vote on the first two items, the experts may well choose “LO PEC deckhouse.” The second flaw is this: If the given budget is $5,000K, Navy’s rank offers as the only solution the first two ranked tasks because the third ranked task “LO multifunction apert” is not affordable at a cost of $12,000K. Again, experts may well prefer some other affordable combination of the nine affordable tasks. 

The example demonstrates that there is no reasonable “universal rank,” but rather many budget-specific ranks instead. Using our revealed preferences approach, we use the following procedure to illustrate how to choose the final market basket of tasks for a given level of budget.

We start with a series of budgets reflecting costs of tasks listed in the order in table 2.  Because the cheapest task is about $1,000K, if B < $1,000K, we have K = 0 and thus the optimal k* = 0, implying that nothing can be funded.

If $1,000 < B < $1,250K, task X1 is the only affordable choice. 

If $1,250K < B < $2,000K, X1 and X2 are affordable, and we will let the practitioners vote to decide which one is preferred.  Once the order between X1 and X2 is established, according to the weak axiom of revealed preference it can never be reversed. For ease of presentation, let us assume X2 is the preferred task.  Note that the benefit calculated by The Navy may be used as a reference.  However, the OUR approach is fundamentally more general in the sense that we do not need to generate cardinal measures.

If B = $2,000K, the situation becomes more complicated. The first four tasks are all affordable.  We have the choices of purchasing a single X1, X2, X3 or X4. Thus, the choice set is {X1, X2, X3, X4}. This choice set can be simplified because it has already been revealed that X2 is preferred to X1.  According to the weak axiom of revealed preference, if only one task can be chosen, X1 will never be preferred in the existence of X2. Thus, the choice set becomes {X2, X3, X4}. 

We then let the practitioners vote to decide which of these three “market baskets” is preferred.  We can develop a pair-wise voting scheme here {X2, X3}, {X2, X4}, and {X3, X4}, and then derive the final optimal choice.  For ease of presentation, let us assume X3 is the preferred task.  Note again that the benefit calculated by The Navy may be used as a reference, but the practitioners may want to change The Navy’s ranking given a budget of $2,000K. 

If $2,000K < B < $2,250K, the choice set contains {X1, X2, X3, X4, (X1 + X2)}.  However, we have already revealed that X3 is preferred to the individual tasks X2 and X4, and according to the strong axiom, X1 cannot be preferred and according to the weak axiom, X2 and X4 cannot be preferred. Thus, the choice set becomes {X3, (X1 + X2)}.  For ease of exposition, assume the choice is (X1 + X2). That is, if $2,000K < B < $2,250K the revealed preference approach chooses the first two tasks listed in Table 2.

Note that we could have reduced the affordable set {X1, X2, X3, X4, (X1 + X2)} based on the “more-is-better” axiom as well.  Because (X1 + X2) contains both X1 and X2, we must have (X1 + X2) > X1 and (X1 + X2) > X2.
  Hence, from the choice set {X1, X2, X3, X4, (X1 + X2)} we need consider only {X3, X4, (X1 + X2)}. Also, by an earlier result, we can further eliminate X4 from this set.  Consequently, only one additional vote is needed to choose between {X3, (X1 + X2)}. As we have already indicated, the choice was assumed (X1 + X2).

Now consider a budget of $2,700K.  In this case, tasks X6 to X10 are not affordable.  The choice set is, taking into account the revealed preferences from early examples, {X5, (X1 + X2)}.  Suppose X5 is chosen. That is, if the budget is equal to $2,700K, revealed preferences indicate that the optimal choice is to simply fund X5.

Finally, consider a budget B = $3,000K. Taking into account revealed preferences from earlier budgets, the choice set can be simplified to {X5, X6, X7, X8, (X1 + X3), (X1 + X4)}. Although the set (X1 + X2) is affordable, it is not included in the set because it has already been revealed that given a choice between X5 and (X1 + X2), X5 is preferred. 

From this example, we learn that we should increase the budget by small amounts in order to reveal preferences. We continue in this manner to reveal an order for each given budget. When the budget becomes large, the choice set could become very large. However, we can narrow down the elements in the affordable set by applying the strong and weak axioms, as well as the “more-is-better” and the transitivity axioms.

We have developed a prototype Excel Spreadsheet calculator that will start with a given set of tasks and their respective costs. Practitioners can then begin with a small budget and make a choice from the admissible set, and then gradually increase the budget until all possible budgets have been exhausted. We will discuss this prototype calculator in the next section. 

I.3 A prototype calculator to implement the revealed preference approach

In this section, we describe our prototype Excel Spreadsheet Workbook calculator for implementing a revealed preference approach for choosing technology investments. In our example, we start by stating the input information and the admissible choice set that is available to decision-makers. Next, we show how to derive both a feasible
 choice set and frontier (efficient) choice set of different technology market baskets. We then describe how decision-makers can select the optimal portfolio of technologies with a pair-wise voting scheme. Figure 1 depicts a flow chart of our revealed preference procedure. We assume that the reader has the prototype calculator at hand while reading this part of the paper.  A users’ guide is in appendix A.

Figure 1: A flow chart of OUR’s revealed preference procedure 


[image: image1]
The input information

We are given a list of R&D technology investments (“tasks”), the estimated cost of these technology investments, and a specified budget for investing in technology. The question is: Which combination of these tasks is most preferred for this given budget?

It is assumed that the benefits derived from each task cannot be measured using cardinal numbers.  We will have to rely on the aggregated opinions of experts to decide which one choice is preferred over other choices

The admissible choice set

If there are N technology investments, the total number of all admissible baskets (choices) is 2N. The number of admissible baskets given by 2N will include the basket that makes no technology investment and the basket that makes all possible technology investments.

In the calculator we have developed for illustration, N < 5.  For N = 0, 1, 2, 3, 4, or 5, numbers of different admissible baskets given by 2N are:

0 admissible baskets if N =0;

2 admissible baskets if N = 1;

4 admissible baskets if N = 2;

8 admissible baskets if N = 3;

16 admissible baskets if N = 4; and

32 admissible baskets if N = 5.

The feasible set and the hypothetical budget series

The feasible
 set contains only those combinations that are affordable for a given budget.

For example, consider a case with five separate R&D technology investments. The respective cost of each separate technology investment is given in the following table.

Table 3 Five technologies and their cost

	Technology code
	Cost

	t1
	$25

	t2
	$50

	t3
	$75

	t4
	$100

	t5
	$125


The following series of hypothetical budgets are particularly critical in the process of revealing preferences:

($25, $50, $75, $100, $125, $150, $175, $200, $225, $250, $275, $300, $325, $350, $375).

Ignoring the market basket that contains no technology investments, one can then use the prototype calculator to determine that of the 31 admissible market baskets containing at least one technology investment:

· If the budget is less than $25, nothing is affordable (feasible); 

· If the budget is $25, only t1 is feasible;

· If the budget is $50, t1 or t2 is feasible;

· If the budget is $75, four baskets are feasible: t1, t2, t3, and, (t1 + t2);

· If the budget is $100, six baskets are feasible: t1, t2, t3, t4, (t1 + t2), and, (t1 + t3);

· If the budget is $125, nine baskets are feasible: … (see calculator);

· If the budget is $150, 12 baskets are feasible: …    (see calculator);

· If the budget is $175, 15 baskets are feasible: …   (see calculator);

· If the budget is $200 18 baskets are feasible: …    (see calculator);

· If the budget is $225, 21 baskets are feasible: …   (see calculator);

· If the budget is $250 24 baskets are feasible: …    (see calculator);

· If the budget is $275, 26 baskets are feasible: …   (see calculator);

· If the budget is $300, 28 baskets are feasible: …   (see calculator);

· If the budget is $325, 29 baskets are feasible: …   (see calculator);

· If the budget is $350, 30 baskets are feasible: …    (see calculator) and

· If the budget is equal to or greater than $375, all 31 possible baskets are affordable (feasible).

The frontier set

The frontier set eliminates those “inferior” baskets that are sub-sets of another basket.  For example, if the budget is $100 there are six feasible baskets. These are: t1, t2, t3, t4, (t1 + t2), and, (t1 + t3).  The respective baskets t1, t2, and t3 are embedded in the baskets (t1 + t2) and (t1 + t3); and thus are inferior to (t1 + t2) and (t1 + t3).  Consequently, the efficient frontier set contains only the three separate baskets of t4, (t1 + t2) and (t1 + t3).

More generally, for this example we have:

· If the budget is less than $25, nothing is affordable and nothing is in the frontier set; 

· If the budget is $25, only t1 is feasible and thus t1 is on the frontier;

· If the budget is $50, t1 and t2 are in the frontier set;

· If the budget is $75, two baskets are in the frontier set: t3 and (t1 + t2), although there are four feasible combinations;

· If the budget is $100, three combinations are in the frontier set: t4, (t1 + t2) and (t1 + t3); although there are six baskets in the feasible set;

· If the budget is $125, five baskets are in the frontier set: …   (see calculator);

· If the budget is $150, four baskets are in the frontier set: …  (see calculator);

· If the budget is $175, five baskets are in the frontier set: …   (see calculator);

· If the budget is $200 five baskets are in the frontier set: …    (see calculator);

· If the budget is $225, seven baskets are in the frontier set: …(see calculator);

· If the budget is $250 five baskets are in the frontier set: …   (see calculator);

· If the budget is $275, four baskets are in the frontier set: …  (see calculator);

· If the budget is $300, four baskets are in the frontier set: …  (see calculator);

· If the budget is $325, four baskets are in the frontier set: …  (see calculator);

· If the budget is $350, five baskets are in the frontier set (see calculator), and;

· If the budget is equal to or greater than $375, only one basket containing all five technologies is in the frontier set.

Figure 2 shows that the number of choices in the frontier set is much smaller than the number of choices in the feasible set, which are 32 in the case of five tasks. Also note that the number of choices peaks at a budget equal to $225, a budget that is not too low and not too high.  When the budget is low, many baskets are not affordable.  When the budget is high, while many baskets are affordable, many of these affordable ones are inferior. In all cases, the question is: Of all the market baskets on the frontier, which one should be purchased?  

Figure 2. Number of efficient choices (frontier set) and budget level
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Pair-wise scheme of combinations in the frontier set

We need only focus on those combinations in the frontier set. This frontier set is generated automatically by the calculator.  All voting results can be recorded in a spreadsheet environment to generate the final optimal combination(s).
  

Recall the maintained hypotheses that the benefit derived from each separate R&D technology investment cannot be measured using cardinal numbers and neither can the benefit derived from each combination. It is also believed that these combinations are complicated, even for experts, so the experts may not easily be able to determine the complete order of all combinations. It is practically impossible to be logical and consistent when one is asked to rank many combinations or tasks of technology investments for a given budget.  Therefore, we designed a pair-wise voting scheme to ensure logic and consistency throughout the process.

When we compare (vote on) two combinations, A and B, there are three possible outcomes:

· A is better than B, denoted A > B

· B is better than A, denoted B > A

· A and B are indifferent, denoted A ( B.

When the choice of which basket of technologies is preferred is based on the voting of a panel of experts, there is the issue of whether their opinion about which basket is preferred is “statistically significant.” To keep things simple, we did not include a detailed treatment of this issue in this paper, but we will do so in a later document.

The weak and strong axioms, as well as the transitivity and “more-is-better” assumptions, are repeatedly used to reduce the number of rounds of pair-wise voting by making full use of the information obtained in the preferences revealed in early rounds of voting.

Exactly how many rounds of pair-wise voting are needed to generate the final optimal basket depends on the number of baskets in the frontier set, the voting order, and the results from previous rounds of pair-wise voting.  At this point, it is not clear whether it is better to start with the lowest hypothetical budget and move to the highest or the reverse.  Additional investigations may shed some light on this issue and may lead to useful guidelines.  For now, we will go from a low budget to a high budget if the total budget is low relative to the total cost of funding all the separate technology investments; and from a high budget to a low budget if the total budget is relatively high.

The series of needed hypothetical budgets is automatically provided by running a macro in the calculator once the cost of each task is given.  Let us demonstrate with several examples for the cost information of each task given in table 3 and the corresponding series of hypothetical budgets generated.

Consider first a budget from $50 up to but not including $75.  There are two possible technology investments in the frontier set, t1 and t2. To demonstrate our example, we let the computer randomly pick one of the two as if they were voted by a group of experts.  In actual practice, of course, experts must choose between the two baskets. The result from the computer is t1 > t2.

Then, consider a budget from $75 up to but not including $100.  There are two possible combinations in the frontier set, t3 and (t1 + t2).  We again let the computer randomly pick one of the two as if they were voted on by a group of experts.  The result is t3 > (t1+t2).

Next, consider a budget from $100 up to but not including $125.  The frontier set contains t4, (t1 + t2), and (t1 + t3).  However, it was already revealed that (t1 + t2) is inferior to t3, whereas t3 is inferior to (t1 + t3) because of the “more-is-better-assumption.”  So, we need only decide between t4 and (t1 + t3).  We again let the computer randomly pick one of the two relevant combinations, although, in practice, experts should do this. The result is t4 > (t1 + t3).

Moving to the next level of budget, consider a hypothetical budget from $125 up to, but not including, $150.  The frontier set contains t5, (t1 + t2), (t1 + t3), (t1 + t4), and (t2+ t3).  However, we already know from the results of previous rounds of voting and the “more-is-better assumption” that (t1 + t2) and (t1 + t3) are inferior to t3 and t4, respectively, whereas t3 is inferior to (t1 + t3) and t4 is inferior to (t1 + t4).  So, we need only decide the best among the three combinations: t5, (t1 + t4), and (t2 + t3).  

We can determine which of these three baskets is best from the results of up to three rounds of pair-wise voting and by applying transitivity.  We let the computer randomly determine the order of the three choices.  The result is (t2 + t3) > (t1 + t4) and (t1 + t4) > t5. Of these three baskets, (t2 + t3) is best, followed by (t1 + t4) and, finally, t5. 

Although we do not know whether t4 is better than t5 or vice versa, we do know that both are inferior and thus there is no need to determine their “rank.”

Moving up to the next level of hypothetical budget, consider the budget from $150 up to, but not including, $175.  The frontier set contains (t1 + t4), (t1 + t5), (t2 + t4), and (t1 + t2 + t3).  However, it has been already revealed by previous voting results and the “more is better assumption” that (t1 + t4) is inferior to (t2 + t3) and (t2 + t3) is inferior to (t1 + t2 + t3).  Hence, we need only decide the best among the three combinations: (t1 + t5), (t2 + t4), and (t1 + t2 + t3).  The best can be determined by up to three rounds of pair-wise voting and applying transitivity. Letting the computer randomly determine the order of the three baskets, the result is: (t1 + t5) > (t1+ t2 + t3) > (t2 + t4). So (t1 + t5) is best, followed by (t1+ t2 + t3) and then (t2 + t4).

Note again that we do not know which one is better, (t2 + t3) or (t2 + t4).  However, they are inferior, and there is absolutely no need to determine their “rank.”

Finally, let us consider a budget of $175.  The frontier set contains (t1 + t5), (t2 + t5), (t3 + t4), (t1 + t2 + t3), and (t1 + t2 + t4).  Again, it has been already revealed by previous rounds of voting that (t1 + t2 + t3) is inferior to (t1 + t5).  Hence, we need only decide which is best among the four baskets: (t1 + t5), (t2 + t5), (t3 + t4), and (t1 + t2 + t4).  Six rounds of pair-wise voting and the application of transitivity will determine which of these four baskets is best. Again, we let the computer randomly determine the order of the four baskets.  The result is: (t1 + t5) > (t1+ t2 + t4) > (t3 + t4) > (t2 + t5).

Note again that we do not need to know which one is better, (t2 + t5) or (t1 + t2 + t3). 

We often do not need six rounds of voting to determine the final winner. However, a minimum of three rounds is needed in the previous case.  That is, in order for (t1 + t5) to be the final winner we have to reveal that (t1 + t5) > (t1+ t2 + t4), (t1 + t5) > (t3 + t4), and (t1 + t5) > (t2 + t5). As long as we can identify the final winner, ranks of the rest of the baskets are of no interest to us, although we could easily obtain their rank as we did above.

Thus, in this example, the final winner is to finance t1 and t5, and it costs only $150, which is less than the budget of $175.

We can use this same procedure to determine the winner for any given budget. Of course, when the budget is $375 or higher, all five technology investments should be financed.

Reducing the number of tasks contained in each combination of tasks

Let us start with one of the examples we used in the last section.  We have revealed that t1 > t2.  Do we need another round of voting between (t1 + t5) and (t2 + t5), or we can logically infer that (t1 + t5) > (t2 + t5) because t1 > t2?  Under what conditions can we infer, or not infer, this conclusion?

A generalization of this question is: Under what conditions can the number of separate tasks in each combination be reduced by using the information contained in preferences that were revealed in earlier rounds of voting? In particular, can pair-wise voting between two separate tasks be used to reduce the total number of tasks in other combinations? The answer depends on how well different technologies complement each other. A popular term for this concept is “synergy.” Economists call this concept the “complementarity” between two separate items.

This consideration is necessary from a practical point of view because it would be too difficult for experts to choose if the number of tasks in a given combination is too high.

Going back to the example of voting between (t1 + t5) and (t2 + t5), is it logically possible to have t1 > t2 but (t1 + t5) < (t2 + t5)? The answer to this question is “yes” if t2 by itself is inferior to t1 but t2 is a better complement to t5 than t1 complements t5. So, the conclusion is that we can only logically infer that (t1 + t5) > (t2 + t5) when t1 > t2 if there is no complementarity between t1 and t5 and between t2 and t5.

We can use one of two procedures to deal with this complemetarity issue. First, to ensure that this condition is met, we can divide all tasks into several “technological areas,” such that there is no perceived complementarity among them. Second, two complementary tasks can be bundled into one “bundled task.” Thus, after bundling tasks within each technology area, the voting between combinations can be reduced to voting between tasks. Apparently, this was the rational used, but not explicitly stated, in the Carderock (2002) study. 

Separating attributes to compare tasks without clear consensus

Now let us turn to the comparison between two tasks.  Take t1 and t2 as an example.  There are three possible outcomes in terms of the order between t1 and t2:

· t1 is better than t2, denoted t1 > t2;

· t2 is better than t1, denoted t2 > t1; or

· t1 and t2 are indifferent, denoted t1 ( t2.

If experts have a clear opinion on the order of t1 and t2, we are done.  However, it is quite possible that the experts’ opinions are so dispersed that further guidance is needed. There is an issue regarding the statistical significance of experts’ opinions. As noted above, we omit the discussion on the test of the significance of the voting outcome, but we will examine this subject in detail in future research.

In cases where experts are unable to determine the order of t1 and t2, they will be asked to look into benefit attributes (or characteristics) of each task.  Consider two types of benefits, denoted X and Y.  Let the benefits provided by t1 be denoted x1 and y1 and by t2 be denoted x2 and y2.    

We stay with the pair-wise voting scheme. That is, we ask experts to vote between x1 and x2, and between y1 and y2, one at a time.  We should define benefits such a way that there is no complementarity between the two types of benefits.  The following table gives all possible outcomes.

Table 4 Resulting ranking of all possible voting outcomes

	
	x1 > x2
	x1 ( x2
	x1 < x2

	y1 > y2
	t1 > t2
	t1 > t2
	?

	y1 ( y2
	t1 > t2
	t1 ( t2 
	t1 < t2

	y1 < y2
	?
	t1 < t2
	t1 < t2


The first column and the first row are the possible voting outcomes and the contents in the table are the conclusions of the ranking between t1 and t2. In table 4, we can identify the rank between t1 and t2 by looking into benefits X and Y in all but two possible cases. We have put a question mark in the box for the two cases where the rank between t1 and t2 is not identified. If x1 < x2 but y1 > y2, or x1 > x2 but y1 < y2, we cannot positively identify the rank of t1 and t2.  We suggest that we use the following formula to assist us in making a final decision on these two cases.

Suppose that we have V experts, where V can be either an odd or an even number of experts.  Let Vx1 be the number of experts believing x1 > x2 and Vy1 the number of experts believing y1 > y2.  Moreover, let Vx be the number of experts who believe X is more important than Y.  The interpretation of Vx2, Vy2, and Vy is similar.

The key is how to aggregate the information collected from these voting results to get an order between t1 and t2?  Let Si be the aggregated opinion of benefit of both X and Y for ti, i =1 and 2.  We define

(2)
S1 = (Vx1/V)Vx/V(Vy1/V)Vy/V, and 


S2 = (Vx2/V)Vx/V(Vy2/V)Vy/V,

Now we can draw a conclusion for those two cells with the question marks: t1 > t2 iff S1 > S2.  Consider a specific numerical example where we have 25 experts, 20 voted x1 < x2 (i.e., 5 voted x1 > x2), 15 voted y1 > y2, 17 voted X is more important than Y (i.e., 8 voted Y is more important than X).  Substituting these values in the formulae above, we have S1 = (5/25)17/25(15/25)8/25 = 0.2843 and S2 = (20/25)17/25(10/25)8/25 = 0.6409.  So with this example, we would conclude that t1 < t2. Of course, we could deal with the statistical significance as well, but, for simplicity, we do not deal with that issue here.

Note that at no time did we ask the experts to give cardinal numbers throughout our proposed procedure, nor have we asked them to compare more than two items.  We believe it is impossible for experts to score all tasks. No expert can have such comprehensive knowledge and make an accurate judgment.  Moreover, unless we have a “scientific” way to measure some of those benefits using cardinal numbers, the opinions of experts cannot be accurate enough to significantly distinguish between two cardinal numbers, say, 55 and 60.  Finally, to take a weighted average of cardinal benefits of two types implies that the two types of characteristics are perfect substitutes, not to mention the fact that those weights are somewhat arbitrary.  Our approach has avoided all these shortcomings.

Expected benefit and risk

In the last section, we looked at two types of benefits. Implicitly, these are the expected benefits or mean benefits to experts.  Whether these expected benefits are realized depends on the “risks” involved.  In economics (finance), the risk is measured by the standard deviation (() of benefit distribution.  The most popular way of dealing with this type of problem is the so-called mean-risk approach.  

In our case, it is not realistic to talk about benefit distribution.  However, experts’ opinions on “risk” most definitely exist.  So, we treat “risk” simply as another attribute in addition to the mean benefit and apply the methods we developed in the last section to deal with this additional attribute.

Note that although there are two or three types of benefit attributes, not all of them may suffer from uncertainty.  

There may be a critical value for ( such that a task becomes an invalid one if experts think the risk is too high.  In other words, if experts do not believe the benefit can be realized, then, the task becomes invalid and thus should be dropped from the original list of tasks.  After we calculated the aggregated opinion, say S1 or S2, we may conclude that t1 is invalid if S1 < Smin and or S2 is invalid if S2 < Smin. That is, if the risk is very high, it may mean that the S score is so low that the project should be excluded from consideration.

Exactly how we define Smin is a practical matter.  The practical value of Smin may emerge in practice.  Actually, we may not need this cutoff critical value to begin with.  Using our approach, those tasks with such low S-values will automatically be preferred by other tasks with higher S-values.  The point remains valid in the sense that we have addressed this issue in cases where risk is a cause of concern.

The time required to complete a task is another attribute of the task in addition to mean benefit and risk of realizing mean benefit.  However, this third attribute has its own unique feature.  Let T1 be the completion time of t1.  For budgeting purposes, there exists a cutoff critical value Tmax, beyond which the t1 becomes irrelevant.  Mathematically, t1 is irrelevant if T1 > Tmax. To contrast this benefit attribute to the other two, we will refer to it as the relevance attribute.

The difficulty comes from the fact that we cannot know T1 ex-ante.  T1 is a random variable.  At the budgeting time, experts will have different opinions on the expected T1.  We will apply our established voting scheme to determine the relative importance of this uncertainty by comparing two tasks.

Finally, we can drop a task completely from the initial list of all tasks if the relevance measure is too low.  In other words, there exists a critical cutoff value for S such that t1 is invalid if S1 < Smin and or S2 < Smin. That is, if S as calculated by equation (2) includes the relevance attribute and S is very low, the project should be dropped from consideration.
Exactly how we define Smin is a practical matter.  The practical value of Smin may emerge in practice.  Actually, we may not need this cutoff critical value to begin with.  As previously noted, using our approach, those tasks with such low S-values will automatically be preferred by other tasks with higher S-values.  However, we admit that the issue is valid and needs to be addressed in our approach. 

The approach we developed in the last section can be extended to deal with cases that have more than two types of benefits.  Suppose we want to compare two tasks in terms of three kinds of attributes: mean attribute of benefit, risk of realizing mean benefit, and attribute of timing relevance. We can approach this issue simultaneously on all three attributes or step-wise, one attribute at a time. We prefer the second approach because it puts much less burden on experts.  When they are less burdened, their opinions are sharper, more accurate, and less arbitrary.  This has been the guiding philosophy in the design of our voting schemes.

I.4 Conclusions and suggestions for next steps

In this paper, we have reviewed and critiqued the cost-benefit optimization procedure used by the Navy in applying the Equity Model developed at the London School of Economics to rank 94 HM&E science and technology investments for the Fast Ship Program.  We developed a practical approach based on revealed preference theory and designed a spreadsheet calculator to illustrate our approach.  Our approach is budget specific, requires no cardinal measures, and relies only on pair-wise voting schemes.  Furthermore, the approach can take into account uncertainties.

Several things remain to be done.  First, we need to develop a practical approach that will be able to handle up to 70 tasks. To do this, we may need to develop a method to sub-divide the total number of tasks into non-complementary groups of smaller numbers of tasks. We may also need to design a computer program that can handle a larger number of tasks.

Second, we feel it is necessary to review other relevant literature, especially the literature on options, optimal stopping, and the waiting value of irreversible projects; and to incorporate useful ideas from this literature into the approach established in this paper.  Literature on subjects such as combinatorial bidding auction design may offer suggestions on methods to cut down the required number of rounds of pair-wise voting.  The literature on “options-valuation” may prove to be particularly insightful. We ourselves will need to carry out more theoretical research to see whether the number of pair-wise voting can be reduced.

Third, we will need to design a spreadsheet to record and process the voting results to generate the final optimal choice(s). Finally, if we succeed, we will need to organize workshops that will allow experts to come together to implement our approach.  

II. Statement of Budget Problem Two: The Optimal Allocation of Inputs and Outputs for a Fixed Budget

Budget constraints and the Navy’s growing emphasis on fleet readiness and force response times have created a  need to develop tools that enable the Navy to effectively and efficiently project workload requirements and to assess the impact of reduced funding levels on ordnance support and ultimately on fleet readiness.  To this end, the Chief of Naval Operations (CNO), Supply, Ordnance and Logistics Division of the Navy wants to identify ways to enhance the coverage and functionality of the existing Fleet Ordnance Support Model to further include the Ordnance Logistics Support requirements. 

In this paper, an illustrative non-linear program
 with a spreadsheet “calculator” was developed in order to provide the Navy with a budget tool. We collected information from Navy managers and practitioners and applied the information in the illustrative model.  

In the next sub-section, the model will be described using non-technical language with discussions on related modeling issues.  Section 3 provides two numerical examples, using realistic parameter values, to illustrate the model one for the Navy Operations Logistic Support Center (NOLSC). Section 4 concludes the paper and offers a few suggestions for the next round of effort on this subject.  Appendix B gives a user’s guide of the calculator accompanying this document and Appendix C documents the mathematics involved in the model.  

II.1.
The Model and Related Issues

This section gives a non-technical description of the model and discusses several related modeling issues such as demand requirements.  For the practical use of the illustrative “calculator” built on this model, see Appendix B.  For a technical mathematical description of the model, see Appendix C.   

Setting Demand Requirement for NOLSC

In order to set requirements demand for NOLSC, monthly historical data on a key NOLSC product output, the monthly number of requisitions, and two exogenous “driver” variables, ship arrivals and tons of ordnance, was collected by NOLSC and forwarded to US via email on November 17, 2008. Based on this monthly data from NOLSC, WE developed a statistical regression equation that predicts requisitions using data on ship arrivals and tons of ordnance as drivers. This equation is given by:

Requisitions = 50*arrivals - 0.07*Tons






(1)

Recalling that the estimate of equation (1) is based on monthly data on requisitions, ship arrivals and tons; this equation makes sense to us if the distribution of different ships that arrive each month is relatively constant over the period. It says workload does go up with more arrivals, but if the ordnance is very heavy in a particular month when compared to a different month with the same number of arrivals, there is a reduction of requisition workload because the actual number ordnance items is lower for heavy ordnance. In any case, Equation (1) is the relationship that best fits the monthly data NOLSC sent us on November 17, 2008.

We can further assume all other NOLSC products will increase or decrease with ship arrival and ton data proportionally.  So we now have business rules to set requirements for all NOLSC products. Requirements are set by equation (1) for requisitions, and for other ith products in period t, denoted Xit, the demand requirement for Xit+1, is given by: 

Xi,t+1 = (Requisitionst+1/Requistionst)*Xit,






(2)

where Requistionst and Xit are known in period t + 1 and Requisitionst+1 is given by equation (1).

So requirements demands for all NOLSC products can be set by using information on future deployments and tons and applying Equations (1) and (2).

Our Model and Demo Calculator

For NOLSC, what is needed is very clear.  It is a model that follows the below flow chart:

· From at set of drivers => get estimated requirements (demands).

· From the estimated demands and a given budget => get level of readiness (percentage of requirements filled), with optimal budget allocations.

To achieve this objective, we developed a non-linear program (NLP) that maximizes readiness subject to a budget constraint covering all variable costs and fixed costs for a given set of production functions that produce outputs to meet each total requirement demand, using input factors unique to each product output. We define total requirements demand for each product as the sum of the current year’s requirement demand and existing backlogs.

The flowchart for the our model that maximizes readiness for a given budget is given in Figure 3.

Figure 3.
Model Flow Chart of Dual Problem to Maximize Readiness for a Given Budget
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The input information includes a given overall budget, total demand for each product defined as the sum of the current fiscal year’s requirement demand and the existing backlogs from previous years, associated fixed cost at function level and product level, production parameters reflecting the labor and non-labor input factors needed to produce the output, unit cost of the input factors, and a set of weights reflecting management’s judgment on the relative importance of all products involved.  The information is input into a budget constrained NLP where the objective is to maximize a readiness measure defined as a geometrically weighted average of the percentage of total requirement demand fulfilled.  The output results include the overall readiness generated from all products involved, the budget surplus or deficit should the readiness not reach 100%, the number of total requirement demand that is filled, and the backlogs, if any, for each product, as well as the total cost for each labor and non-labor factor
.  A numerical examples for NOLSC will be provided in the next section.

There are several important issues we addressed when designing the illustrative model.  First, we assumed that the budget is given at an overall level that covers all functions. If it is preferred, the model can be modified to reflect a given budget at the function level or at the product level.  If the budget is appropriated at the function level, it means that there is no cross function reallocation of the budget.  Similarly, if the budget is product specific, then there is no cross- product reallocation of the budget. So the model we have developed is flexible enough to cover a wide variety of different assumptions. 

Secondly, we have decided to design an NLP rather a Linear Program (LP), reflected in the readiness function being a geometrical average rather than an arithmetical average of the percentage of all products filled.  There are pros and cons.  The NLP generates more economically sound results (for example, the NLP often yields an interior solution reflecting diminishing marginal returns of additional funds) but may have to deal with occasional non-converging cases created by a set of bad initial values.  The LP, on the other hand, usually does not have to deal with this bad initial value problem, but the solution set may often include many “corner” solutions.
  We decided on the NLP because we think it is rather straightforward to deal with the “bad” initial value problem.

Thirdly, in terms of a production function specification, we have settled down with a Leotief production function. A typical Leontief production function is the “L” shaped iso-quant shown in Figure 4.  The touching point between the “L” shaped iso-quant and the budget line gives the optimal demand for inputting factors (labor and non-labor input factors, for example). One reason we have decided to specify a Leotief production function is due to its well justified intuition in the sense that many input factors are indeed perfect complements, i.e., hired proportionally.  Another reason is it needs a minimal amount of data to determine its parameter values.  The latter reason is particular appealing to us since we have very limited historical data on how each output product is produced by a set of clearly defined input factors.

Figure 4.
A Typical Leontief Production Function
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In cases where there are input factors that are known to be perfect substitutes, the iso-quant curve will be a downward-sloped straight line.  In most cases, input factors show a certain degree of both substitutability and complementarity. The commonly applied functional specification is the so-called Cobb-Douglas function, shown in Figure 5 below, in which the iso-quant curve is convex towards the origin and the tangent point between the iso-quant and the budget line gives the optimal demands for labor and non-labor respectively.
 In the case of a two-factor input Cobb-Douglas production function, we usually need at least two years’ data to “calculate” the values of parameters involved, at least three years data to “estimate” the values of those parameters involved, and accuracy of those estimates increases when we have data for more years.  This obviously is a direction for future improvement of the model. 

Figure 5.
A Typical Cobb-Douglas Production Function
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Finally, if it preferred, fixed cost can be modeled at the product level or overall Agency/Center level, and Weight of importance can be given at the function level and/or at the product level. 

II.2.
Application Example 

To illustrate the model and the corresponding calculator built, this section presents two numerical examples.  One applying the realistic data we have collected from NOLSC. We will show in this section how this collected data are converted to input data to be inserted into the NLP model and what results are generated from this model. 

Table 5. 
Realistic Values from NOLSC

	
	Inventory Management
	Inventory Accuracy

	
	Non-High Priority
	High Priority
	Activities
	Reports

	Product Output
	32000
	7600
	40
	40

	Labor Input
	4.0 FTE Hrs
	3.0 FTE Hrs
	1.5 FTE Hrs
	1.5 FTE Hrs

	Non-Labor Input
	0.4 FTE Hrs
	0.3 FTE Hrs
	0.2 FTE Hrs
	0.2 FTE Hrs

	Total Labor
	19.6 FTE Hrs
	15.7 FTE Hrs

	Total Non-Labor
	1.2 FTE Hrs
	0.4 FTE Hrs

	Labor Cost
	$85K/year/FTE Hrs
	$83K/year/FTE Hrs

	Non-Labor Cost
	$117K/year/FTE Hrs
	$79K/year/FTE Hrs

	Fixed Cost
	$109K
	$297K


Table 5 above shows the data on numbers of product output, labor input labor and non-labor input in “Full Time Equivalent (FTE work hours) annual salary”, unit labor and non-labor annual FTE work hours costs, as well as fixed costs, provided to us by NOLSC for two functions, Inventory Management and Inventory Accuracy, and two output products in the former, high priority requisition and non-high priority requisition, and in the latter, activities and reports. The rows labeled “Total Labor” and “Total Non-labor” are for all products produced in these respective Functions, not just for the two products we use to illustrate the model.

Table 6.

Input Data in the NOLSC Calculator
	Total Budget
	$1,100,000
	 
	 

	Product 11 
	Weight of Importance
	 
	 

	 
	40%
	 
	 

	 
	Initial backlogs
	Current demand
	Total Demand

	 
	40
	7,600
	7640

	 
	Output/Labor Ratio
	Output/NonLabor Ratio
	Fixed Cost

	 
	10666.66667
	106666.6667
	$54,500

	Product 12 
	Weight of Importance
	 
	 

	 
	35%
	 
	 

	 
	Initial backlogs
	Current demand
	Total Demand

	 
	500
	32,000
	32500

	 
	Output/Labor Ratio
	Output/NonLabor Ratio
	Fixed Cost

	 
	8000
	80000
	$54,500

	Product 21 
	Weight of Importance
	 
	 

	 
	15%
	 
	 

	 
	Initial backlogs
	Current demand
	Total Demand

	 
	2
	40
	42

	 
	Output/Labor Ratio
	Output/NonLabor Ratio
	Fixed Cost

	 
	26.66666667
	200
	$148,500

	Product 22 
	Weight of Importance
	 
	 

	 
	10%
	 
	 

	 
	Initial backlogs
	Current demand
	Total Demand

	 
	3
	40
	43

	 
	Output/Labor Ratio
	Output/NonLabor Ratio
	Fixed Cost

	 
	26.66666667
	200
	$148,500

	 
	Labor 
	Nonlabor
	 

	Cost for Function 1
	$85,000
	$117,000
	 

	Cost for Function 2
	$83,000
	$79,000
	 


Table 6 converts the information in Table 5 to feed into NLP  solver. Function 1 refers to Inventory Management and Function 2 refers to Inventory Accuracy. Product 11 and Product 12 are respectively high prio                                                                                                                                                               rity requisitions and non-high priority requisitions in the Inventory Management function, and Product 21 and Product 22 are respectively activities and reports in the Inventory Accuracy function.  Output/Labor and Output/Non-Labor ratios are derived directly from Table 5. Then, the example is constructed under a scenario for a given budget of $1,100,000 for all four products in a fiscal year.  It is further assumed that the “high priority requisitions” has the highest weight (40%), “non-high priority requisitions” has the second highest weight (35%), and “reports” the lowest weight (10%).  Finally, some initial backlog numbers are assumed for demonstration purposes, but they can easily be set to zero or to any other reasonable number.  

After running the NLP, results are shown in Table 7 below.  For a budget of $1,100,000 and all other parameter values given in Table 6, the maximal achievable overall readiness is 94.7%, roughly meanings that 94.7% of all demand requirements over the four products will be filled.  The unfilled demand requirements become the backlogs in the current year, which in this example are 1,780 of non-high priority requisitions and 13 inventory accuracy reports.  Obviously, there is no budget surplus since there are unfilled demand requirements.  In other words, there is actually a budget shortage if 100% readiness is to be achieved.  Finally, labor and non-labor input factor costs are given in those cells with blue ink.   

Table 7.

Output Results in the NOLSC Calculator
	Overall Readiness
	94.7%
	 

	Budget Surplus
	$0
	 

	 
	Fulfilled
	Backloged

	Product 11
	7,640
	0

	Product 12
	30,720
	1,780

	Product 21
	42
	0

	Product 22
	30
	13

	 
	Labor Cost
	NonLabor Cost

	Product 11
	$60,881
	$8,380

	Product 12
	$326,401
	$44,928

	Product 21
	$130,725
	$16,590

	Product 22
	$94,146
	$11,948


If we repeatedly run the NLP for budgets ranging from $450,000 to $1,200,000, the corresponding readiness levels, budget surplus, and backlogs are generated and given in the following Table 8.  As can be seen from Table 8, a positive budget surplus of $33,757 exists only when all demand requirements are filled and readiness reaches 100%.  The following four figures show how each variable varies when budget increases from $450,000 to $1,200,000.

Table 8.

More Output Results Generated by NOLSC Calculator

	Budget
	Readiness
	Surplus
	Backlog11
	Backlog12
	Backlog21
	Backlog22

	$450,000
	8.2%
	$0
	5,699
	31,226
	40
	42

	$500,000
	17.5%
	$0
	3,493
	29,778
	38
	40

	$550,000
	26.8%
	$0
	1,286
	28,330
	36
	39

	$600,000
	36.0%
	$0
	0
	26,480
	33
	37

	$650,000
	44.1%
	$0
	0
	24,067
	30
	35

	$700,000
	51.3%
	$0
	0
	21,654
	26
	32

	$750,000
	57.8%
	$0
	0
	19,241
	22
	30

	$800,000
	63.9%
	$0
	0
	16,828
	19
	28

	$850,000
	69.7%
	$0
	0
	14,415
	15
	25

	$900,000
	75.1%
	$0
	0
	12,002
	12
	23

	$950,000
	80.3%
	$0
	0
	9,560
	8
	20

	$1,000,000
	85.3%
	$0
	0
	7,177
	5
	18

	$1,050,000
	90.1%
	$0
	0
	4,997
	0
	16

	$1,100,000
	94.7%
	$0
	0
	1,780
	0
	13

	$1,150,000
	98.9%
	$0
	0
	0
	0
	5

	$1,200,000
	100.0%
	$33,757
	0
	0
	0
	0


Figure 6 shows the overall readiness level achievable for various budget levels.  It is interesting to note that it demonstrates diminishing marginal returns on readiness with additional budget funding.

Figure 6.
Readiness Over Various Levels of Budget at NOLSC
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Figures 7 to 10 show how the numbers of backlogs of each product decrease with increasing budget funding.  How fast each product’s backlog decreases and how soon it reaches zero are determined by three factors:  the embedded factors costs, the embedded factor productivities, and management’s judgment of the priority of the product.

Figure 7.
Backlogs of High Priority Inventory Management
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Figure 8.
Backlogs of Non-High Priority Inventory Management
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Figure 9.
Backlogs of Activities Inventory Accuracy
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Figure 10.
Backlogs of Report Inventory Accuracy
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II.3.
Conclusion and Suggestions
A demo calculators to illustrate how a non-linear program (NLP) can help decision makers allocate a budget among various functions and products. These calculators can be used to perform scenario studies such as changes in a budget, the prioritization of functions and/or products, existing backlogs, forecasted demand requirements, factor costs, and technologies used to produce output. It can also be used in assessing and forecasting budget spending and goal achievement and carrying out other related sensitivity analyses.

The model is built in a spreadsheet environment, applying Excel. It is users friendly, easy to maintain and update. The Mathematical relationships behind the demo calculators are given in Appendix C.

Since it is desirable to focus on the minimal budget needed to achieve a given required level of readiness, we can convert the current model to its dual program. In this case, the input involves the given required readiness, i.e., percentage of demand requirements to be filled and the output of the model will be the minimal budget needed to achieve such a readiness level.  

Finally, many fine tune adjustments can be made to reflect the more detailed situations in real operations.  For example, all things measured in dollars such as budget and factor cost need to be inflation adjusted when the model is applied to multiple years; backlogs of certain products may not share the same priority as those current year’s demand requirements; and certain labor and/or non-labor categories may be constrained within a budget year so that there may be an over-time rate applied when demand requirements are high.  
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Appendix A: Users’ guide to the revealed choice calculator 
Introduction

Based on the revealed preference approach illustrated in the main text, we built a user-friendly calculator using an Excel spreadsheet program.  A user may explore the outcomes of the choice set, feasible set, and frontier set of possible combinations of tasks for scenarios with various numbers of tasks, various costs of each task, and various budgets, applying the calculator.

The calculator consists of five sheets: an input sheet, a sheet generating total cost and a series of potential critical budgets, and three output sheets that automatically generate the choice set, feasible set, and frontier (efficient) set.  All sheets are password protected to avoid accidental alternations of the program.  The password is “fea” for all sheets.

Input

The input sheet allows users to enter values to the given budget, the number of tasks, and the cost of each task.

Figure A.1 shows a sample of a set of input values. Only non-color coded cells will take values set by users.  All other color-coded cells are password protected to avoid accidental alternations.

Figure A.1
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The given budget, 325, is entered in Cell B3 in Figure A.1.  Cell B5, 5, is the total number of tasks, which is limited to no more than five for the current illustrative calculator.  We will expand the limit to a much larger number in the next phase of effort. Should users enter a number greater than the limit, Cell B6 will show the message:  "Sorry, total number of tasks cannot be more than five in this calculator."

As the total number of tasks is entered in Cell B5, the task ID codes and names will be automatically generated in cells A9 to B13.  As the cost of each task is entered in Cell C9 to C13 from the least expensive one to the most expensive one in cost ascending order, the least expensive and the most expensive tasks will be shown in Cell E4 and Cell E5, and the sum of total cost to finance all tasks will be in Cell E3.

Cost and Budget

As soon as the input sheet is filled up, users may immediately go to any one of the other four sheets:  the cost-budget sheet, choice-set sheet, feasible-set sheet, and frontier-set sheet.

Naturally, the next sheet to view is the Cost-Budget sheet, shown in Figure A.2.  This sheet contains three blocks.  The first block has five columns, shaded yellow to orange from Cell C8 to Cell G17.  In the scenario of five tasks, Column C repeats the cost of each task. Column D gives the total combined costs of any two possible tasks, Column E the total combined costs of any three possible tasks, Column F the total combined costs of any four possible tasks, and Column G the combined costs all five possible tasks.

Figure A.2
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The second block, shown in Figure A.3 serves the purpose of reference to the first block.  Each cell in the second block gives the combination a unique name that tells exactly what combination is in the corresponding cell in the first block, with matching color code.  The first digit represents the number of tasks in a combination, the second digit is always “t” to separate the first and the third digit, and the third digit is the ID code for that specific combination. The exact combination can be identified in the Choice-Set sheet.  For example, “3t4” in Figure A.3 means the 4th combination of three tasks.  More specifically, referring to Choice-Set sheet, it is the combination of Task 1, Task 3, and Task 4, shown in Cell F10, G10, and H10 in Figure A.4.  The total cost of financing these three tasks is shown in Cell E11 in Figure A.2, or 200.

Figure A.3

[image: image13.png]Combination Reference Names

1Task  2C 3c 4c
1t 21 an 4t
1" 2 e a2
13 23 a3 a3
14 24 3t atd
115 25 s 45

26 £

27 a7

28 a8

29 39

210 3o




The last block on this sheet is pink coded.  When the “RUN” button is pressed, a macro will run to generate a series of hypothetical budgets, shown in Cell A4 to A18 in Figure A.2 in the current example.  This series provides critical budget values that are useful in the preference revealing procedures.

Choice Set

For a given number of tasks, this output sheet shows the total number of admissible combinations; the number of possible combinations of one task, two tasks, three tasks, etc.: and exactly which tasks are contained in each combination. See Figure A.4 for an example.  

The total number of admissible combinations is given in Cell B2.  Each task code is repeated in Column C.  All possible combinations with two tasks are given in Columns D and E.  All possible combinations with three tasks are given in Columns F, G, and H.  All possible combinations with four tasks are given in Columns I, J, K, and L. Finally, the combination with all five tasks is given in Columns M, N, O, P, and Q.

This sheet also defines a unique ID code for each combination, shown in Figure A.3 and explained above, with matching color code. Row 4 in light blue gives the number of combinations in each possible combination of one task, two tasks, three tasks, etc.

Figure A.4
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Figure A.5 shows a case with total number of tasks equal to 4 rather than 5.  Any combination with “0” in it implies its non-existence.  For example, orange colored coded (1 2 3 4 0) in Figure A.5 means no combination of five tasks. 

Figure A.5
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Feasible Set

For a give number of tasks and a given budget, this output sheet shows the total number of feasible combinations; number of feasible combinations of one task, two tasks, three tasks, etc.; and exactly which tasks are contained in each combination. See Figure A.6 for an example.  

Figure A.6
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The total number of feasible combinations is given in Cell B2. Row 4 in light blue gives the number of feasible combinations in each possible combination of one task, two tasks, three tasks, etc.

Figure A.7
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Cell C7 to Cell G16 give the uniquely defined name for each possible combination, referring to Figure A.3.  When a name appears in C7 to C16, it implies it is a feasible choice. Otherwise, a message shows it is either invalid (a non-existent combination) or unaffordable, shown in Figure A.7 above.

Frontier Set

For a given number of tasks and a given budget, applying axioms and assumptions made in revealed preference theory, this output sheet generates the total number of efficient combinations, number of efficient combinations of one task, two tasks, three tasks, etc.; and exactly which tasks are contained in each combination. See Figure A.8 for an example.  

Figure A.8
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The total number of efficient combinations is given in Cell B2. Row 4 in light blue gives the number of efficient combinations in each possible combination of one task, two tasks, three tasks, etc.

Cell C7 to Cell G16 give the uniquely defined name for each possible combinations, referring to Figure B.3.  When a name appears in C7 to C16, it implies it is an efficient choice. Otherwise, a message shows that it is inferior or “0” (non-existence combination), as shown in Figure A.8.

Appendix B
User’s Guide for the Optimal Allocation for a Fixed Budget Calculator 

B.1
INPUT Sheet

After the file is loaded, the user should first go to the input sheet named “INPUT.”  The user may enter various values in those shaded cells, as shown in Tables 2 and 6 in the main text of the document.  The sheet is password protected to avoid unintentional changes made to other cells.  The password is “fea.”

If users set the budget too low
 to cover fixed costs, or if the importance weights do not sum up to 100%, a message of “invalid” appears accordingly in cells B34 and B35, as shown in the following Table B.1.

Table B.1

	Budget Validity
	Invalid

	Weight Validity
	Invalid


After entering a set of values for those shaded cells to reflect a scenario of interest and checked budget and weight validities, the user should go to the next sheet entitled “NLP.”

B.2
NLP Sheet

Users should not change values in any cell on this sheet.  In order to run the non-linear program, this sheet cannot be password protected, at least for now.  

A user should click “Tools,” “Solver,” “Solve,” and “OK,” as shown in the following Figure B.1, to obtain solutions, which can then be viewed on the sheet named “OUTPUT.”  In case a user cannot find “Solver” in the “Tools” drop down menu, click “Tools” and “Add-ins” and check the “Solver Add-in” box and “OK.”  If “Solver Add-in” is not in “Add-ins,” Excel will automatically request the user to install it.

Figure B.1
Run NLP
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There are five blocks on this sheet as shown in Figure B.2.  The budget constraint is in green.  The expected total demand requirements (including the backlogs from last year) constraints are in yellow.  Non-negative output constraints are in brown. Optimal solutions for demand for factors are in blue and the achieved readiness measure is in purple.

Table B.2
NLP Sheet

	 
	Actual spending
	 
	Given budget

	Budget constraint
	3,500,000.00
	<=
	3,500,000.00

	 
	Demand filled
	 
	Total demand

	Product 11
	7.79
	<=
	21.00

	Product 12
	62.74
	<=
	350.00

	Product 21
	429.31
	<=
	1,500.00

	Product 22
	36.91
	<=
	100.00

	X11
	0.78
	>=
	0.10

	X12
	1.02
	>=
	0.02

	X21
	1.14
	>=
	0.00

	X22
	1.14
	>=
	0.03

	Optimal solutions
	X11(L)*
	X11(NL)*
	 

	 
	0.8
	1.4
	 

	 
	 
	 
	 

	 
	X12*
	X12*
	 

	 
	1.0
	1.1
	 

	 
	 
	 
	 

	 
	X21(L)*
	X21(NL)*
	 

	 
	1.1
	0.0
	 

	 
	 
	 
	 

	 
	X22*
	X22*
	 

	 
	1.1
	0.0
	 

	Objective
	Max Readiness
	 
	

	 
	28.2863%
	 
	


If cell B30 shows “#NUM!,” it indicates that the iteration process in the NLP is running into problems in generating results.  In this case, users should press the “Reset” button located at cell D29 and then re-run the Solver again.  This case is shown in Figure B.3 below.

Figure B.3
Reset Button
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Should the user be interested in saving answers of the original Excel input, in saving sensitivity analysis, or changes in the limits, they may highlight the respective words before clicking “OK,” shown in the following Figure B.4.  The program will automatically generate a new sheet for each selected item.  The user can go to the respective sheet and view the results.  

Figure B.4
Solver Results Choices
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B.3
OUTPUT sheet

This sheet is for users to only view the results. Users should not change values in any cell on this sheet. The sheet is password protected to avoid unintentional changes.  The password is “fea.”

Three sets of results are given on the OUTPUT sheet, as shown in the following Tables 7 and 8 in the main text of the document.  One set in black ink and green ink give the readiness measured in percentage and the respective budget surplus, if any.  The second set of results in orange ink provides fulfilled demand and backlogs from the current year by product.  The last set of results in blue ink is the demand cost for each production factor by product.

B.4
Update and Maintenance

The calculator can be run for multiple budget years.  In such cases, users may want to update values in the input sheet, run the solver, and save the file.

Over time, production functional form, coefficients in those production functions, fixed production costs, etc may change.  Then, the model should be updated to improve its accuracy.  Only designated modeling specialists should do this updating. 

Appendix C
Mathematical Details of the Optimal Allocation for a Fixed Budget Demo Calculator

Assume we have for a given Organization such as NOLSC:

· Two functions (e.g., Inventory Management and Inventory Accuracy),

· Two products in each function (e.g., number requisition actions and number of DRO’s for Inventory Management; and number of ATR Transaction Reconciliations and number of TIR Transaction Reconciliations for Inventory Accuracy)

· Two factors produce each product (e.g., direct labor traceable to each product; and direct non-labor traceable to each product)

We will call this the 2x2x2 case, meaning 2 functions, two products within each function, and two factors of production to produce each product. We assume the Organization makes rational budget allocation choices among its products, and in theory an optimization model would also select these same rational choices. We also assume there will never be reallocations of funds across budget years.  

The following is a non-linear program (NLP) that provides solutions of output product levels that maximizes the readiness over all products subject to budget funding constraints.

First, we define the objective function
 as follows

(C.1)
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where R is a readiness measure over all products and the first subscript denotes the function and the second denotes the product
. Hence, the first and the second products in function 1 are denoted Q11 and Q12, and the first and the second products in function 2, are denoted Q21 and Q22.  The superscript asterisk indicates the demand requirement that is filled and superscript T the total demand requirements including backlogs of each product from previous fiscal year. That is, QTij(t) = qij(t) + BLij(t -1), where qij(t) is the current fiscal year’s demand requirement and BLij(t -1) the previous fiscal year’s backlogs for the jth product in the ith function; and wij is the weights measuring the relative importance of the jth product in the ith function versus all other products, thus we must have (j(iwij = 1.
Obviously, we have 0% < R < 100%, where R = 100% if demand requirements of all products including all backlogs were filled up and R = 0% if any one of the products gets none filled. We can modify this last feature of the readiness function by putting a zero weight on some of the products, if necessary.

Next, for funding budget constraints, we have the following equation

(C.2)
(j(i(WLXLij + WNLXNLij + Fij) < C, 

where WL is the labor wage rate and WNL non-labor wage rate, XLij and XNLij are demand for labor and non-labor inputs, and Fij the fix cost for producing the jth product in the ith function, and C the given budget.  

For the production function of Qij, we assume it is produced with a Leontief production function using labor and non-labor inputs, see Figure 2 in the main text of this document, or mathematically,

(C.3)
Qij = min((LijXLij, (NLijXNLij), for all i = 1, 2, and j = 1, 2,

where (Lij and (NLij are parameters reflecting the proportionality of the two factors, labor and non-labor, in the production. The interpretation of (L and (NL is output per unit, or the productivity, of labor and non-labor, respectively. For example, if (L =2, it means that one laborer produces 2 units of output when combined with the proportionate amount of non-labor.  We have, equivalently to equation (B.3),

(C.4)
XLij/XNLij = (NLij/ (Lij, for all i = 1, 2, and j = 1, 2.

That is, labor and non-labor are assumed to be perfect complements in producing each output product. It takes both labor and non-labor in fixed proportions to produce Qij.

Moreover, we have two more sets of technical constraints.  One assumes that we never produce more than the total demand requirements, and another assumes we do not produce zero or negative quantity of output, i.e., 

(C.5)
Q*ij < QTij, for all i = 1, 2, and j = 1, 2,

and 

(C.6)
Q*ij > 0, for all i = 1, 2, and j = 1, 2.

In case equation (C.5) is not binding, we have backlogs for the current year, or

(C.7)
BLij(t) = QijT(t) - Qij*(t), for all i = 1, 2, and j = 1, 2.

In case equation (C.2), the budget, is not binding, we have a budget surplus, denoted S, calculated as follows, 

(C.8)
S = (j(iCij – (j(i(WLXLij + WNLXNLij + Fij).

Note that we may end up with a budget surplus only when demands for all products, including all backlogs, are filled.

The model of the 2x2x2 case depicted above can be easily expanded to NxMNxK case where we have N functions, Mn products in the nth function, and K factors.

Finally, if instead of Leontief production function, we can assume the commonly applied Cobb-Douglas production function, we have:

(C.9)
Qij = AXLij(ijXNLij1-(ij for a homothetic specification,

where we will need more data to estimate the parameter in the production function. We may “calculate” ( with two years of data and “estimate” it with more than two years of data. All other aspects of the model stay more or less the same. 
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� See Trost and Ye (2003) for a further discussion of this problem


� See, for example, Luehrman (1997, 1998 and 1998), Faulkner (1996), and Shapiro and Balbirer (2000).


� The notation “>” reads as “is preferred to.”


� This is the well known “knapsack” problem found in most integer programming books. See [10, 11].


� See [10 and 11] for a more technical discussion of how to determine the feasible set.


� It is possible that there is more than one optimal combination. 





� Figure 2 appears to suggest we go from low budget to high budget in the case with five tasks and a budget of $325.


� See Trost and Ye (2008) for a further discussion of our model and spreadsheet calculator.


� It is a simple matter to set up the NLP (or LP) to solve the “dual” problem of inputting the requirements demand, and making the output of the NLP the least cost budget to meet these demands, along with the least cost combination of factor inputs at this minimum cost solution.


� For more discussions on the properties of linear and non-linear programs, see Taha (2006)


� For more discussions on Leotief production functions for factors being perfect complements, linear production functions for factors being perfect substitutes, and the general Cobb-Douglas production functions, see Varian (1992).


� Budget needs to cover at least the fixed costs plus producing at least one unit of each product in this non-linear program (NLP).  If it is important to deal with cases where certain products may not be produced at all in a fiscal year, then it is better to have a linear program (LP) instead of the NLP.  In the case of a LP, we still need the budget to at least cover the fixed costs.


� It is a simple matter to set up the NLP or LP to solve the “dual” problem of inputting requirements demand, and making the output the least cost budget to meet these demands, along with the least cost combination of factor inputs at this minimum cost solution.


� If instead of an NLP we use a Liner Program (LP) , the objective function is written:


     R = (w11Q*11 + w12Q*12 + w21Q*21 + w22Q*22)/ (w11QT11 + w12QT12 + w21QT21 + w22QT22)
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